
PROGRESS INNATURAL SCIENCE　　　　　　　 　　　　　 　　　　　　　　　　　　　Vol.14 , No.1 , January 2004

＊ Supported by the Natu ral Science Foundat ion of High Educat ion of Jiangsu Province of China and the “Qing Lan” Project of Jiangsu Province of

China.
＊＊ To w hom correspondence should be addressed.E-mail:w eidiezh@pub.sz.jsinfo.net

Conservation laws for mechanical systems with
unilateral holonomic constraints

＊

ZHANG Yi＊＊

(Departmen t of Civil Engineering , University of S cience and Technology of Suzhou , Suzhou 215011 , China)

Received Feb ruary 27 , 2003;revi sed July 21 , 2003

　　Abstract　　A general approach to the construction of conservation law s for mechanical systems w ith unilateral holonomic const raint s

by finding corresponding integrating factors is presented.The definit ion of integrating factors for the Routh equat ions of mot ion of the sys-

t ems is given , and the necessary condi tions for the existence of conserved quantit ies of the unilateral holonomic constraint system sare stud-
ied in detail.The conservat ion theorem and it s inverse for the systems are established , and an example is given to illustrate the application

of the results.
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　　It is very important to find out the conservation
laws in a f ield like mathemat ics , mechanics , physics
o r any others.Recently , Mei[ 1] summarized three

methods , i.e.the method of New tonian mechanics ,
the method of Lag range mechanics and the symmetry

methods , in arriving at the conservation law s and

their developments.Acco rding to the properties of

forces , New tonian mechanics established the conser-
vation law of momentum , the conservation law of

moment of momentum and the conservation law of

mechanical energy[ 1] ;Lagrange mechanics found out
the conservation law s directly f rom the expression of

dynamical functions and kinematical relations[ 1 ,2] ;
and the theory of symmetry found out the conserva-
tion law s f rom the intrinsic relations of symmetry and

conservation laws[ 1 , 3～ 14] .

In 1984 , Djukic[ 15] presented an approach to the
const ruction of conservation law s for nonconservative

dynamical sy stems by finding the corresponding inte-
g rating facto rs of the equations of motion.The ap-
proach is an attempt to const ruct a conservation law

in a w ay similar to the one used in obtaining the ener-
gy integ ral fo r conservative systems , namely that of

multiplying the equations of motion by appropriate in-
teg rating facto rs.This is a development of the

method of Lag range mechanics.Qiao et al.applied
the approach to the Raitzin' s canonical equations of
motion of nonconservative systems[ 16] , the canonical
equations of mot ion of nonholonomic relativist ic sys-

tems
[ 17]
, the generalized Hamiltonian canonical equa-

tions of motion of dynamical sy stems in generalized

classical mechanics[ 18] , the generalized Hamiltonian

canonical equations of mo tion of variable mass non-
holonomic dynamical systems[ 19] and so on.But all
these studies are limi ted to the canonical equations of

motion of dynamical sy stems w ith bilateral con-
st raints.

This paper further studies the integrating factors

and the const ruction of conservation law s fo r mechan-
ical sy stems with unilateral holonomic const raints.
The integrating facto rs for the Routh equations of

motion of the systems are defined.According to the

definition , the conserved quantities of the sy stems

w ith unilateral holonomic constraints are constructed ,
and the conservation theorem and its inverse for the

systems are established.

1 　Differential equations of motion of the
systems and their integrating factors

Suppose that the configuration of a sy stem is de-
termined by n generalized coordinates qs(s=1 , …,
n), and the mo tion of the system is subject to g ideal

unilateral holonomic const raints

f β(t , q)≥0　(β =1 , … , g). (1)
If the sign of inequality in const raints (1) holds

st rictly , then the sy stem is f ree f rom the const raints;
and if const raints(1)take the sign of equality , the



sy stem then is in the const raints.If the system is in

the constraints , the virtual displacements must be

compatible w ith these constraints , and we have the

supplementary condi tions

 f β
 qs
δqs =0　(β =1 , …, g). (2)

Then the dif ferential equations of mo tion of the sys-
tem can be expressed in the form[ 11]

d
dt
 L

 q
·
s

-
 L
 qs
=Q″s +λβ

 f β
 qs
　(s =1 , …, n),

(3)
where L is the Lag rangian funct ion of the system ,

Q″s the generalized nonpo tential fo rces , λβ the con-
st raint multipliers , and we have

λβ ≥0 , 　f β≥0 , 　λβf β=0　(β=1 , …, g).(4)
Note that Eq.(3)is not closed , since the discontinu-
ous veloci ty changes are produced by the existence of

the unilateral const raints(1).The connecting condi-
tions along the constraint hypersurface must be taken

into consideration if to make Eq.(3)closed , for ex-
ample , whether the const raint hypersurface is abso-
lutely smoo th and the collision is completely elastic ,
and etc.

If the system is in the constraints , that is , con-
st raints(1)take the sign of equality , we can express

λβ as the functions of t , q , q· and Eq.(3)can be

w rit ten as
d
d t
 L

 q
·
s

-
 L
 qs
=Q″s +Λs ,

Λs =Λs(t , q , q
·
)=∑

a

α=1
λα
 fα
 qs
. (5)

　　If the sy stem is free f rom the const raints , that
is , the sign of inequality in constraints (1)holds

strict ly , then Eq.(3)becomes
d
d t
 L

 q
·
s

-
 L
 qs
=Q″s . (6)

　　Now we present the idea of integrating facto rs

for the equat ions of motion.

Definition 1.If there exist a set of functions

ξs =ξs(t , q , q
·), the following identi ty is satisfied:

d
d t
 L

 q
·
s

-
 L
 qs
-Q″s -Λs ξs

　≡
d
d t

 L
 q·s
ξs -

 L
 q·s

q
·
s -L τ-G

　　+μs
d
dt
 L
 q
·
s

-
 L
 qs
-Q″s -Λs ,

f β =0 , (7)

d
dt
 L
 q·s
-
 L
 qs
-Q″s ξs

　　≡
d
d t
 L
 q
·
s

ξs -
 L
 q
·
s

q
·
s -L τ-G

　　　+μs
d
d t
 L
 q
·
s

- L
 qs
-Q″s , 　f β >0 ,

(8)

where τ, G and μs are functions of t , q , q· , then ,

functionsξs =ξs(t , q , q
·)are called integrating fac-

to rs for the differential equations of motion (3)of

systems w ith unilateral holonomic constraints.

2　Theorems of conservation of the systems

Combining Eq.(3)w ith Eqs.(7)and(8), we
have

d
d t

 L
 q·s
ξs -

 L
 q·s

q
·
s -L τ-G

　　 =-μs
d
d t
 L
 q
·
s

-
 L
 qs
-Q″s -Λs , 　f β =0 ,

(9)

d
dt
 L
 q
·
s

ξs -
 L
 q
·
s

q
·
s -L τ-G

　　=-μs
d
d t
 L
 q
·
s

- L
 qs
-Q″s , 　f β >0 ,

(10)
and the follow ing theorem is obvious:

Theorem 1.If the functions ξs are integ rating

factors for Eq.(3), then the following quantity

I =
 L
 q·s
ξs -

 L

 q
·
s

q
·
s -L τ-G (11)

is a conserved quantity (first integral)for sy stems

(1)and(3)w ith unilateral constraints.

For a given system (1)(3)w ith unilateral holo-
nomic const raints , if the functions ξs are integ rating
factors for Eq.(3), then the necessary condi tions

(9)and (10)must be satisfied for each set of func-
tions ξs , τ, G and μs .Using Eq.(3), condi tions
(9)and(10)can be w ritten as

 L
 qs
ξs +(Q″s +Λs)(ξs -q

·
sτ)

　　+
 L
 q
·
s

ξ
·
s +
 L
 t
τ-

 L
 q·s

q
·
s -L τ

·
-G
·

　　+μs
d
dt
 L
 q
·
s

- L
 qs
-Q″s -Λs =0 ,
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fβ =0 , (12)

 L
 qs
ξs +Q″s(ξs -q

·
sτ)+

 L
 q
·
s

ξ
·
s +
 L
 t
τ

　-
 L

 q
·
s

q
·
s -L τ

·
-G
·

　+μs
d
d t
 L
 q·s
-
 L
 qs
-Q″s =0 , 　f β >0.

(13)
Obviously , if the set of functions ξs , τ, G and μs
satisfy the necessary conditions(12)and(13), then
the set of functions reduces the right hand side of

(11)into a constant along the t rajectory of the given
sy stem (1)(3) with unilateral holonomic con-
st raints.Therefore , we obtain the follow ing theo-
rem.

Theorem 2.Fo r every nonsingular set of func-
tions ξs , τ, G and μs which satisf ies the necessary

conditions(12)and (13), there exists a conserved
quantity (11)of the given system (1)(3)w ith uni-
lateral holonoimc const raints.

By integ rating Eqs.(12)and(13)or by an ad

hoc approach , the set of functions ξs , τ, G and μs
can be obtained.For any particular solution or func-
tional solution[ 15] of Eqs.(12)and(13), which does
not contain any integ ration constant , a conserved

quantity (f irst integ ral)of the sy stem w ith unilateral

holonomic constraints can be obtained by Theorem 2.

The key to seek for the conserved quantity of the

sy stem by Theorems 1 and 2 lies in how to find out

the set of functionsξs =ξs(t , q , q
·
), τ=τ(t , q , q

·
)

and G = G(t , q , q
·
).Expanding Eqs.(12)and

(13)and splitting it into first-o rder partial dif feren-
tial equations fo r ξs , t and G , which can be called

the generalized Killing equations , we can find out

these functions by solving the generalized Killing e-
quations.Since the functions ξs , τand G are inde-

pendent of q
··

s , we can let the terms including q
··

s and

the other terms excluding q
··

s equal to zero separately ,
hence , Eqs.(12)and(13)can be spli t into a system
of (n+1)linear part ial differential equat ions , which
take the form as follow s:

 L
 qs
ξs +(Q″s +Λs)(ξs -q

·
sτ)+

 L
 q
·
s

 ξs
 t
+
 ξs
 qk

q
·
k

　-
 L
 q
·
s

q
·
s -L  τ

 t
+
 τ
 qk

q
·
k + L

 t
τ- G
 t
- G
 qs

q
·
s

　+μs
 2L

 q
·
s t
+
 2L

 q
·
s qk

q
·
k -
 L
 qs
-Q″s -Λs =0 ,

fβ =0; (14)

 L
 qs
ξs +Q″s ξs -q

·
sτ+

 L
 q·s

 ξs
 t
+
 ξs
 qk

q
·
k

　-
 L
 q
·
s

q
·
s -L

 τ
 t
+
 τ
 qk

q
·
k +

 L
 tτ-

 G
 t

　-
 G
 qs

q
·
s +μs

 2L
 q
·
s t
+
 2L
 q
·
s qk

q
·
k -
 L
 qs
-Q″s =0 ,

fβ >0; (15)

 L
 q·s

 ξs
 q·k
-
 L

 q
·
s

q
·
s -L  τ

 q·k
-
 G
 q·k
+μs

 2L
 q·s q

·
k

=0 ,

k =1 , …, n. (16)
Eqs.(14)and(16)or Eqs.(15)and(16)are(n+
1)equat ions w ith (2n +2)unknown functions ξs ,
τ, G and μs , which can be called generalized Killing
equat ions.Because the number of the equations is

smaller than the number of unknown functions , the
solutions of the equat ions are no t unique , and we can
obtain different conserved quantities by the appropri-
ate selection of the functions ξs , τ, G and μs.

When μs =0(s =1 , …, n), the generalized

Killing equations above are of the same form as the

generalized Killing equations
[ 12]
, which are obtained

by the Noetherian theo ry , and there , function G is a

gauge variant function and a one-parameter infinitesi-
mal transformation of time and generalized coordi-
nates is given by

t
＊ = t +ετ(t , q , q

·
),

q
＊
s (t

＊)=qs(t)+εξs(t , q , q
·
), (17)

where εis an inf initesimal parameter.The form of

the conserved quant ity in Noetherian theory is also

the same as that of the conserved quantity (7).
Therefore , the integ rating facto rs ξs and the functions
τ, G , which are of the fundamental importance in

the present approach , possess a very clear meaning in
the Noetherian theory .

3　Inverse theorem

Assume that the given unilateral const raint sy s-
tem (1)(3)has a fi rst integ ral

I = I(t , q , q
·
)= const , (18)

therefore , the integ ral(18)and the corresponding in-
tegrating factors ξs and the functions τ, G must be

compatible with the condi tions(12)and (13).Cal-

culating  G
 q
·
s

f rom Eq.(11), and subst ituting this
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result into Eq.(16), we obtain

ξs = hsk
 I
 q
·
k

+q
·

sτ+μs 　(s =1 , …, n), (19)

where  hskhk l=δsl.Let the integ ral(18)equal to the
conserved quantity (11), we have

 L
 q
·
s

ξs -
 L
 q·s

q
·
s -L τ-G = I . (20)

From (20), we obtain

G =
 L
 q
·
s

 hsk
 I
 q
·
k

+μs +Lτ-I . (21)

　　Hence , we can obtain the following theorem:

Theorem 3.If the unilateral constraint system
(1)(3)has a first integ ral(18), then the integrat-
ing factors ξs and functions τ, G , μs corresponding
to the integral are determined by Eqs.(19) and

(21).

The algebraic equations(19)and(21)are(n +
1)relations between (2 n +2)functions , and obvi-
ously , the functions ξs , τ, G , μs are no t unique.
For example , corresponding to the same conserved

quantity , we can obtain different integrating facto rs

by the appropriate selection of the funct ions ξs , τ, G
and μs.

4　An example

Suppose that a material point w ith mass m

moves in a vertical plane not below a smooth curve

y =x , and is subject to non-potent ial forces Q″1 =

mx
·
, Q″2=-my

·
.Let us t ry to study i ts conserva-

tion law .

Firstly , we study the direct problem to obtain

the conserved quantity of the sy stem .We may take

q1=x , q2 =y as the generalized coordinates.The
Lagrang ian funct ion of the system and the unilateral

const raint are

L =
1
2 m(q

·2
1 +q

·2
2)-mgq2 ,

f 1 = q2 -q1 ≥0 , (22)
and the non-po tential forces are

Q″1 = mq
·
1 , 　Q″2 =-mq

·
2. (23)

　　The differential equat ions of mot ion of the sys-
tem can be expressed as follow s:

q
··
1 =(-g +q

·
1 -q

·
2)/2 ,

q
··
2 =(-g +q

·
1 -q

·
2)/2 , 　f 1 =0 , (24)

q
··
1 =q

·
1 , 　q

··
2 =-g -q

·
2 , 　f 1 >0.(25)

In this problem , the hypothesis of smoothness gives a
connecting condit ion of the sy stem , which depicts the
properties within the tangent plane of the const raint

hypersurface.Since the property along the normal

plane of the const raint hypersurface is still unknown ,
the motion of the system can not be determined com-
pletely.

The generalized Killing equations (14)～ (16)
give

-mgξ2 +
1
2
(-mg +mq

·
1 -mq

·
2)(ξ1 -q

·
1τ)

　+
1
2
(mg +mq

·
1 -mq

·
2)(ξ2 -q

·
2τ)

　+mq
·
1
 ξ1
 t
+
 ξ1
 q1

q
·
1 +
 ξ1
 q2

q
·
2

　+mq
·
2
 ξ2
 t +

 ξ2
 q1

q
·
1 +
 ξ2
 q2

q
·
2

　-(m(q·
2
1 +q

·2
2)/2+mgq2)

 τ
 t
+
 τ
 q1

q
·
1 +
 τ
 q2

q
·
2

　-
 G
 t
-
 G
 q1

q
·
1 -
 G
 q2

q
·
2

　-
1
2
(-mg +mq

·
1 -mq

·
2)μ1

　-
1
2(-mg +mq

·
1 -mq

·
2)μ2 =0 , 　f 1 =0;

(26)

-mgξ2 +mq
·
1(ξ1 -q

·
1τ)-mq

·
2(ξ2 -q

·
2τ)

　+mq
·
1
 ξ1
 t
+
 ξ1
 q1

q
·
1 +
 ξ1
 q2

q
·
2

　+mq
·
2
 ξ2
 t
+
 ξ2
 q1

q
·
1 +
 ξ2
 q2

q
·
2

　-(m(q
·2
1 +q

·2
2)/2+mgq2)

 τ
 t
+ τ
 q1

q
·
1 +
 τ
 q2

q
·
2

　-
 G
 t -

 G
 q1

q
·
1 -
 G
 q2

q
·
2

　-mq
·
1μ1 +(mg +mq

·
2)μ2 =0 , 　f 1 >0;(27)

mq
·
1
 ξ1

 q
·
1

+mq
·
2
 ξ2

 q
·
1

-(m(q
·2
1 +q

·2
2)/2+mgq2)

 τ

 q
·
1

　　-
 G
 q·1
+mμ1 =0; (28)

mq
·
1
 ξ1
 q·2
+mq

·
2
 ξ2
 q·2
-(m(q

·2
1 +q

·2
2)/2+mgq2)

 τ
 q·2

　　-
 G
 q
·
2

+mμ2 =0. (29)

Eqs.(26)～ (29)have a solution of
τ=0 , 　ξ1 =1 , 　ξ2 =1 ,

G = mq1 -mq2 -mgt , 　μ1 =0 , 　μ2 =0.

(30)
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In correspondence with the set of functions(30), and
acco rding to Theo rems 1 and 2 , the system has a con-
served quantity as follow s:

I = mq
·
1 +mq

·
2 -mq1 +mq2 +mgt =const.

(31)

　　Secondly , we study the inverse problem , in
w hich integ rating facto rs ξs and functions τ, G , μs
can be obtained from a given integral.Suppose the

sy stem has a f irst integ ral(31), then Eqs.(19)and
(21)give respectively

ξ1 =1+q
·
1τ+μ1 , 　ξ2 =1+q

·
2τ+μ2 ,

(32)

G =mq
·
1(1 +μ1)+mq

·
2(1+μ2)+Lτ

-mq
·
1 -mq

·
2 +mq1 -mq2 -mgt.(33)

There are 6 unknown functions in Eqs.(32)and

(33), therefore , the solutions are not unique.We
can get the remaining 3 funct ions by the appropriate

select ion of 3 functions among the unknown func-
tions.For example , we select

τ=0 , 　μ1 =-1 , 　μ2 =0 , (34)
then we have

ξ1=0 , 　ξ2=1 , 　G =-mq
·
1 +mq1 -mq2 -mgt.

(35)
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